This paper extends the recursive smooth ambiguity decision model developed in Klibanoff, Marinacci, and Mukerji (2005, 2008) by relaxing the uniformity imposed on higher order acts. This generalization permits a separation of intertemporal substitution, risk aversion, and ambiguity aversion towards different sources of uncertainty. We apply our preference specification to a consumption-based asset pricing model with long-run risks and assess the impact of ambiguity on important asset pricing moments and predictability patterns. We find that modeling attitudes towards uncertainty and risk through high order smooth ambiguity preferences has important implications for asset prices. Our model significantly improves upon the special cases of Epstein and Zin utility and standard smooth ambiguity preferences.
Introduction
The subjective expected utility theory (SEU) of Savage (1954) postulates that a decision maker (DM) only cares about risk. According to Knight (1921) , risk refers to a situation where information is described by a probability distribution. If there are two or more distinct probability measures which the DM deems possible, uncertainty about the true probability measure is considered irrelevant. However, the experiments of Ellsberg (1961) and Halevy (2007) demonstrate that the SEU approach is inconsistent with reasonable decision making. Subjects usually prefer situations where uncertainty concerning the true probability measure is low. This type of uncertainty is commonly called ambiguity.
Several models have been developed, that account for Ellsberg type behavior.
In the smooth ambiguity model of Klibanoff, Marinacci, and Mukerji (2005) (KMM), the DM believes that several probability measures are possible and calculates a certainty equivalent for each of these. She then uses expected utility to arrive at a single value. Formally, their smooth ambiguity model has the following representation:
For each possible measure µ 1 , the term in parentheses is the corresponding certainty equivalent, u 1 is the usual utility function which displays attitudes towards risk, while u 2 is a utility function which characterizes attitudes towards ambiguity. Similar to the SEU approach, the ultimate probability measure (now µ * 2 on the space S 2 of probability measures) needs to be specified. This paper relaxes this assumption and allows for high order ambiguity.
To get the intuition behind high order ambiguity, we consider a thought experiment similar to Halevy (2007) , who extended the experiments in Ellsberg (1961) . In Halevy's experiment subjects won a price if they picked a red ball from 4 distinct urns presented to them. Among them, urn 1 contained 5 red balls and 5 black balls.
For urn 3, the number of red and black balls was determined by drawing one ticket from a bag containing 11 tickets with the numbers 0 to 10 written on them. The number on the drawn ticket determined the number of red balls in urn 3. Halevy (2007) finds that ambiguity averse subjects (tested with the usual Ellsberg (1961) experiment) do not compound lotteries, i.e. urn 1 is preferred to urn 3. This result is consistent with the KMM approach. Now imagine a game with an additional stage:
Subjects can choose between Halevy's urn 1 and urn 3. If the ball drawn is red, subjects have to pick a ball from a "final" urn containing 2 red balls and 1 black ball. If the ball from urn 1 or urn 3 is black, the "final" urn contains 2 black balls and 1 red ball. The KMM model suggests that subjects are indifferent between both alternatives. 1 Halevy's findings indicate that urn 3 is perceived as ambiguous by subjects. Why should ambiguity about the composition of urn 3 vanish if it is used as a "construction urn"? We believe that subjects care about ambiguity concerning the composition of construction urns and thus it should be incorporated into the decision model. More formally, uncertainty about the true measure µ 2 in the above KMM representation of smooth ambiguity preferences should be considered. In our high order smooth ambiguity model this type of uncertainty is accounted for and modeled as in KMM for uncertainty regarding µ 1 .
In economics, especially in asset pricing theory, the DM usually faces a variety of sources of uncertainty. In existing models of ambiguity, studying the implications of ambiguity aversion requires a classification of these sources into two categories (usually called risk and ambiguity). One may, for example, consider consumption to have a stochastic growth rate as well as a stochastic volatility. Is the investor ambiguous about the drift, the volatility or possibly both, and does she treat these sources of uncertainty equally? The usual procedure is to consider diffusive consumption uncertainty as risk and all other sources of uncertainty as ambiguity.
2 If we abandon the rule that an investor evaluates different sources of uncertainty equally, it does not seem to be a sensible assumption that she categorizes them into exactly two classes about whose elements she has homogeneous tastes. Our high order smooth ambiguity model allows for a more flexible specification of attitudes towards uncertainty. In addition to the separation of intertemporal substitution, risk aversion, and ambiguity aversion, our model differentiates between several sources of uncertainty and assigns each kind of uncertainty an individual ambiguity parameter. Ju and Miao (2011) use the standard smooth ambiguity model of KMM to calculate asset prices in an endowment economy where the investor has to learn about a latent factor that drives consumption growth. They choose a hidden Markov regime-switching model, while Collard, Mukerji, Sheppard, and Tallon (2011) use an AR(1) specification for the expected growth rate of consumption. Among other findings, both papers discover that ambiguity aversion helps to generate a sizable equity premium, while keeping the risk aversion parameter at low values. In contrast to these papers, we omit learning and use our high order smooth ambiguity model to characterize preferences. We follow Bansal and Yaron (2004) and use autoregressive processes to characterize the level and the volatility of consumption growth.
Yaron (2004) and Bansal, Kiku, and Yaron (2011) were calibrated to match important cash-flow and asset pricing moments. However, Beeler and Campbell (2011) and Constantinides and Ghosh (2011) identify several shortcomings of the LRR model.
Two serious problems are the volatility of the log price-dividend ratio and the predictability of cash-flows and asset returns. We find that our model can significantly improve upon the LRR model. We match several important unconditional asset pricing moments, including the high standard deviation of the log price-dividend ratio, and bring the predictive power of the price-dividend ratio for cash-flows and asset returns in line with the values found in the data.
The KMM approach is just one of many models that can account for Ellsberg type behavior. Another prominent example is the multiple priors (or maxmin expected utility) model of Gilboa and Schmeidler (1989) and Epstein and Schneider (2003) . In contrast to KMM, where the attitude towards ambiguity is introduced by relaxing the reduction of first and second order probabilities, the multiple priors model takes the minimum expected utility with respect to a set of priors. This model has been extensively applied in the asset pricing context, among others by Epstein and Wang (1994) , Schneider (2008), and Drechsler (2011) . A survey of the literature can be found in Epstein and Schneider (2010) . From a technical perspective the smooth ambiguity model is easier to work with compared to the multiple priors model as it avoids the non-differentiability of the min operator.
As our model shares the "smoothness" of the KMM model, we are able to derive approximate analytic solutions.
The remainder of this paper is organized as follows. In Section 2 we introduce high order smooth ambiguity preferences. We derive the pricing kernel in Section 3.
In Section 4 we apply our decision model to an endowment process with a persistent long-run growth rate and a time-varying conditional volatility. Section 5 concludes. Routledge and Zin (2010) and find that their model can improve upon the benchmark LRR model.
However, working with GDA preferences is difficult due to the kink in the utility function.
High Order Smooth Ambiguity Preferences
In this section we introduce high order smooth ambiguity preferences. We start with a static setting and generalize to a recursive model of preference in the manner of Epstein and Zin (1989) and Kreps and Porteus (1978) . Our approach extends the decision model of Klibanoff, Marinacci, and Mukerji (2005) which was put in a dynamic setting by Klibanoff, Marinacci, and Mukerji (2008) and Ju and Miao (2011) and axiomatized by Hayashi and Miao (2011) .
The static setting
Let S 1 be a state space, equipped with a sigma-algebra Σ 1 . A first order act is a usual Savage act, i.e. a map f : S 1 −→ C to a set C of consequences. We assume that C is a convex subset of R. 5 A 1 denotes the set of all Σ 1 -measurable bounded first order acts. The DM's preferences are given by a binary relation 1 on A 1 . It is a well-known fact that if we agree with the validity of certain axioms 6 , there is a utility function u 1 : A 1 −→ R such that the DM prefers an act f to an act g, i.e.
f 1 g, if and only if F 1 (f ) ≥ F 1 (g), where F 1 is the functional
If the DM is averse against ambiguity, her preferences do not permit such an aggregation. Let S 2 denote the set of probability measures 7 on the measure space (S 1 , Σ 1 ). We equip S 2 with the vague topology and consider the corresponding Borelsigma-algebra Σ 2 on S 2 . A second order act is a map f : S 2 −→ C and the set of all Σ 2 -measurable bounded second order acts is denoted by A 2 . We assume that the investor entertains a preference relation 2 on A 2 .
The KMM model assumes that the DM knows the probability measure on (S 2 , Σ 2 ) or is (just as before) not averse against uncertainty about which probability measure is present. She therefore aggregates measures to a single one, called µ * 2 for the moment. KMM show that a DM that accepts the validity of certain axioms will prefer the first order act f ∈ A 1 to the act g ∈ A 1 , i.e. f 1 g, if and only if
where F 2 denotes the functional
and u 2 : C −→ R denotes a further utility function. Intuitively, the DM calculates the certainty equivalent for each possible measure µ 1 and then considers her expected utility over the space S 2 . KMM show that the DM is smooth ambiguity averse if u 2 is a concave transform of u 1 , meaning that (
1 ) is linear, the DM is ambiguity neutral and her preferences coincide with SEU preferences.
For the KMM model it is crucial that the DM knows the measure µ * 2 on S 2 or 7 Our approach roots in the theory of Klibanoff, Marinacci, and Mukerji (2005) who consider the state space S 1 = Ω × (0, 1]. They define S 2 as the set of all countably additive product probability measures with the Lebesgue measure on the Borel-sigma-algebra on (0, 1]. Our treatment does not require such a specification.
8 For this expression to be well defined, u 1 needs to be injective. We assume throughout the paper, that all utility functions exhibit this characteristic. In applications, utility functions are considered to be increasing if the DM is not saturated.
is at least not averse against ambiguity concerning the true measure. This implies that second order acts are evaluated using SEU. There is no obvious reason why this has to be the case. In contrast, we treat second order acts in the same fashion as first order acts, meaning that the DM is not neutral to uncertainty about the measure µ 2 .
Let S 3 be the set of probability measures on (S 2 , Σ 2 ). As before, we equip S 3 with the vague topology and the corresponding Borel-sigma-algebra, which we call Σ 3 .
In analogy to the preceding approaches, we assume that the DM entertains utility functions u 1 , u 2 , and u 3 such that her preferences concerning first order acts can be described in terms of the functional
meaning that f 1 g if and only if F 3 (f ) ≥ F 3 (g). In case the DM is ambiguous about the true measure µ * 3 on S 3 , we might consider a further state space S 4 that contains all probability measures on (S 3 , Σ 3 ).
Recursively, we define S n as the set of probability measures on (S n−1 , Σ n−1 ) and equip it with the Borel-sigma-algebra of the vague topology, which we call Σ n .
An n-th order act is a map f : S n −→ C and A n denotes the set of all Σ n -measurable bounded n-th order acts, on which the DM entertains a preference relation n . We assume that there is a number N ∈ N such that the DM knows the true probability measure µ * N on S N or that she is neutral concerning uncertainty about the true measure on S N . We call that specific N the DM's level of abstraction. SEU is the special case with N = 1, the KMM model refers to N = 2. Assume that the DM prefers f ∈ A 1 to g ∈ A 1 if and only if
. . .
for utility functions u 1 , . . . , u N : C −→ R.
For n ∈ {0, . . . , N } define the n-th order certainty equivalent recursively via CE 0 (x) := x, and
Note that for all 0 < n < N the n-th order certainty equivalent CE n depends on the chosen measure µ n . Consequently, for each first order act f ∈ A 1 , CE n (f ) denotes an (n + 1)-th order act CE n (f ) : S n+1 −→ C, since each measure µ n ∈ S n+1 leads to a definite certainty equivalent. However, there is one particular measure µ * N on S N , thus CE N denotes a scalar value. We call the DM n-th order ambiguity averse if (u n • u −1 n−1 ) is concave, n-th order ambiguity loving if it is convex, and n-th order ambiguity neutral if it is linear. The intuition of our representation extends that of the KMM model: For an order n ∈ {1, . . . , N − 1}, the DM assesses one certainty equivalent for each measure on S n she considers possible. She then calculates expected utility of these certainty equivalents with respect to a measure µ n+1 . If she is uncertain, which measure µ n+1 is the true one, she repeats the procedure until she reaches her level of abstraction. If the DM is n-th order ambiguity averse, she will reject meanpreserving spreads in expected utilities of (n − 2)-th order certainty equivalents for n ≥ 2. Risk aversion corresponds to first order ambiguity aversion in our setup.
Second order ambiguity aversion is the ambiguity aversion as defined in KMM. If the DM's level of abstraction equals N , she cannot be N -th order ambiguity neutral, because otherwise her level of abstraction would have been less than N .
Following this argument, we could also say that the DM never knows the true probability measure and takes infinitely many integrals into consideration. However, it is reasonable to believe that there is a certain point where she is neutral concerning ambiguity of higher orders. This fits to our intuition of reasonable decision making in the extended urn model. Consider urn 3 in Halevy (2007) and add further construction urns determining the composition of the subsequent urns. It is sensible to assume that there is a certain point, where the DM is indifferent between the "higher order alternatives", i.e. if her level of abstraction is 5 she will be indifferent between the presence of 5 or more construction urns.
Above, we used the notation dµ * n (µ n−1 ) which can be interpreted in two different ways. It can either mean that for n ∈ {2, . . . , N } the distribution of µ n−1 is fully characterized by (a realization of) µ n . Thus, there is a strictly ascending order of measures. In the urn model, this would imply that the composition of an urn only depends on the outcome of the draw from the preceding urn. Alternatively, it can be understood as an abbreviation of dµ * n (µ n−1 , . . . , µ 1 ), meaning that for example µ * 3 might affect µ 1 immediately and not only through µ 2 . 9 The first interpretation yields that a DM's preferences are fully characterized by a unique series of utility functions 
The dynamic setting
We now integrate the model of Section 2.1 into a dynamic setting. Let C = (C t ) t∈N denote the DM's consumption plan, which is a series of random variables such that C t is time t-measurable for all t ∈ N. Inspired by Kreps and Porteus (1978) and Epstein and Zin (1989) , we assume that the DM's time t value function is given recursively by
9 µ 1 might e.g. induce a N (α, β)-distribution as pushforward measure on C, where the distribution of α is described by µ 2 and that of β by µ * 3 .
where W denotes the time aggregator and R t the uncertainty aggregator. The latter is specified as the N -th order certainty equivalent, known from the static case
We adopt the notation from Section 2.1 with the little difference that we write µ n,t since for each n ∈ {1, . . . , N } the measure µ n might depend on time. Imagine e.g. a state variable whose realization influences the distribution of future outcomes. The distribution of future states usually depends on the current state and is therefore time-varying. For the sake of brevity, we omit the time index in the following.
There is a huge variety of possible specifications for the functions (u n ) n∈1,...,N and W . A popular choice for W is the constant elasticity time aggregator
where δ denotes the DM's subjective time discount rate and ρ the reciprocal of the intertemporal elasticity of substitution (IES). We choose utility functions of the power utility type, thus
for all n ∈ {1, . . . , N }. We then have
where
With this specification, the DM is n-th order ambiguity averse if γ n > γ n−1 , n-th order ambiguity loving if γ n < γ n−1 , and n-th order ambiguity neutral if γ n = γ n−1 .
There are a lot of prominent special cases of our dynamic preference model.
If the investor is n-th order ambiguity neutral for all n ≥ 2, we end up with the well-known Epstein and Zin utility, i.e. with a level of abstraction of 1, the DM's value function is given by
If the DM's preferences display smooth ambiguity in the sense of Ju and Miao (2011), i.e. the DM's level of abstraction is 2, we have
Ju and Miao (2011) discuss further limiting and special cases of value functions of a DM with a level of abstraction of 2.
The Pricing Kernel
The link between preferences and asset prices is the pricing kernel. The price P t of a claim on future payoffs D can be determined using the relation
where we use E t as shorthand notation for E µ N ,t . . . E µ 1 ,t . Under complete markets, the pricing kernel ξ t,t+1 is a unique random variable. It is commonly expressed either in terms of continuation values or in terms of market returns.
Following Duffie and Skiadas (1994) and Hansen, Heaton, Lee, and Roussanov (2007) the pricing kernel in terms of continuation values satisfies
10 A detailed derivation can be found in Appendix A.1.
Remember that
thus, we can interpret the continuation value as the N -th factor of the product with
In the power utility case, the n-th order certainty equivalent for n ∈ {0, . . . , N } is
and
, the pricing kernel is given by
The first two parts correspond to the Epstein and Zin pricing kernel, which collapses to the usual CRRA pricing kernel for γ 1 = ρ. For an ambiguity averse investor with a level of abstraction of N there are N −1 multiplicative factors in the pricing kernel that reflect ambiguity aversion. If the DM is ambiguity averse of order n + 1, the exponent γ n −γ n+1 is negative. Therefore, the investor puts more weight on bad states of the nature. Those are characterized by probability measures on S n which imply a low n-th order certainty equivalent relative to the continuation value. Intuitively, this means that the DM is pessimistic and down-weights favorable outcomes. Note that in the case N = 2 of usual smooth ambiguity aversion the pricing kernel is
as reported in Hayashi and Miao (2011) , Proposition 8.
In applications, it is usually more convenient to work with the pricing kernel in terms of the market return
and R t+1 denotes the return on the wealth portfolio, i.e. the claim on aggregate consumption. If the investor is ambiguity neutral for n ≥ 2 and thus (1) yields the usual Epstein and Zin pricing kernel.
Ambiguity aversion distorts the pricing kernel, giving less weight to favorable outcomes. The second line of Equation (1) shows that it is the difference between the γ's that describes the investors attitudes towards ambiguity.
4 Asset Pricing with Long-Run Risks Bansal and Yaron (2004) introduce a general equilibrium asset pricing model with persistent variations in both the level and the volatility of consumption growth. We use a similar endowment process and assume that the investor is ambiguous about the state variables that drive consumption and dividend growth in the long-run. To characterize the investors preferences concerning the different sources of uncertainty, we employ our high order smooth ambiguity decision model.
The economy and the investor
Similar to Bansal and Yaron (2004) and Bansal, Kiku, and Yaron (2011) , we assume that the dynamics of log consumption growth ∆c t+1 = log C t+1 −log C t , log dividend 11 A detailed derivation can be found in Appendix A.2.
growth ∆d t+1 = log D t+1 − log D t , and of the state variables are given by
where w
. Both consumption and dividends contain a persistent long-run growth component x t+1 and the conditional volatilities are driven by a time-varying uncertainty factor σ t+1 . Note that in Bansal and Yaron (2004) consumption growth depends on x t and σ t and therefore at time t the investor knows that ∆c t+1 ∼ N (µ c + x t , σ 2 t ). Consequently, she cannot be ambiguous about the distribution. We follow Collard, Mukerji, Sheppard, and Tallon (2011) and Ju and and assume that consumption growth depends on x t+1 and σ t+1 .
12
Dividends are levered as compared to consumption, so that the dividend leverage λ and the dividend volatility multiple φ d,σ are both greater than one. Furthermore, dividends and consumption are locally correlated with coefficient ρ cd . The long-run growth factor and the current volatility of consumption growth are mean-reverting.
Both processes are assumed to be very persistent and thus shocks in the state variables have a long-lasting impact on future consumption and dividends. As in Bansal and Yaron (2004) , the volatility factor also determines the variation of the long-run growth component. We again assume that the distribution depends on σ t+1 and is therefore perceived as ambiguous by the investor at time t.
The representative investor is assumed to have high order smooth ambiguity preferences. She does not impose uniformity of preferences concerning innovations in the endowment process and adopts different attitudes towards different sources 12 However, it is instructive to look at the original Bansal, Kiku, and Yaron (2011) endowment process. We sketch the solution for their model in Appendix C. Due to the lagged structure of this endowment process the ordering of sources of uncertainty is not ascending. of uncertainty. As usual, the investor treats short-run consumption and dividend uncertainty as risk and evaluates it with the risk aversion coefficient γ 1 . She assigns uncertainty about the long-run growth factor the ambiguity parameter γ 2 , and γ 3 characterizes ambiguity about the conditional volatility of consumption growth.
In terms of our decision model log consumption growth ∆c t+1 is a first order act. The induced pushforward measure on the set C of consequences is a N (µ c + x t+1 , σ 2 t+1 ) distribution, and therefore depends on the realizations x t+1 and σ 2 t+1 . Each realization of σ 2 t+1 corresponds to a probability distribution of x t+1 and ∆c t+1 . A second order act is a certainty equivalent conditional on the realization σ 2 t+1 . Intuitively, comparing second order acts means comparing the implications of different volatility levels. Knowing the distribution of σ 2 t+1 pins down the distribution of consumption growth, meaning that a third order act is simply the unconditional expected consumption growth.
Using the general expression for the pricing kernel in terms of the market return in Equation (1) and setting N = 3 yields
In the following we work with the log pricing kernel m t,t+1 = log ξ t,t+1 .
Model solution
We solve the model in the same manner as Bansal and Yaron (2004) , Bansal, Kiku, and Yaron (2011) , and Beeler and Campbell (2011) using analytical approximations.
We assume that the log wealth-consumption ratio z is affine in the state variables
For the log return on the consumption claim r c,t = log R t we use the log-linear return approximation of Campbell and Shiller (1988) r c,t+1
where k 0 and k 1 are linearizing constants. It holds that k 1 = ez 1+ez and k 0 = log(1 + ez)−k 1z , wherez is the long-run mean of the log wealth-consumption ratio. Using the Euler equation E t [e m t,t+1 +r c,t+1 ] = 1 yields the following coefficients for the wealthconsumption ratio
The coefficients depend on the preference parameters, the parameters that describe the consumption growth rate, and the linearization constants. Note that the loading B σ does not depend on the associated ambiguity aversion parameter γ 3 . This is due to the AR(1) variance specification.
13 For γ i > 1, i = 1, 2, and ρ < 1, it holds that B x > 0, and B σ < 0, i.e. the wealth-consumption ratio is increasing in the expected growth rate and decreasing in volatility. It is generally accepted that the coefficient of relative risk aversion lies somewhere in the range between 1 and 10 (see Mehra and Prescott (1985) ). Furthermore, experimental work has confirmed that subjects display ambiguity aversion, which implies γ 2 > γ 1 . The value of the IES is more controversial. 14 We follow Bansal and Yaron (2004) and assume that the IES is greater than one, which is crucial for procyclical variation in the wealthconsumption ratio. 14 See the discussion in Bansal and Yaron (2004) , Beeler and Campbell (2011) , and Constantinides and Ghosh (2011).
We can proceed in a similar fashion to solve for the price-dividend ratio
The coefficients B d,x and B d,σ have the same sign as those of the log wealth-consumption ratio, but are an order of magnitude higher.
By substituting the return on the consumption claim into Equation (3) we get an expression for the log pricing kernel in terms of the state variables
with the drift characterized by the coefficients
The coefficients Λ c , Λ x , and Λ σ determine the market prices of risk in consumption, expected consumption growth, and volatility
As usual, the market price of consumption risk is the risk-aversion coefficient. The market prices of risk induced by the state variables are proportional to the respective ambiguity aversion parameters. Λ x can be decomposed into the usual long-run component γ 2 −ρ 1−ρ k 1 B x and a short-run component γ 2 . The latter appears because x t+1 and not x t enters the consumption growth rate. A similar decomposition holds for Λ σ . The first short-run component appears since σ t+1 enters the consumption process, the second one since σ t+1 drives the volatility of x t+1 . The additional shortrun components depend on the differences between the respective γ's and γ 3 . It is 15 See Appendix B.
this difference that describes the investor's attitudes towards ambiguity. Note that for Epstein and Zin preferences used in Bansal and Yaron (2004) all sources of uncertainty are treated in the same fashion, implying that all market prices of risk directly depend on the relative risk-aversion coefficient γ 1 . This is not the case in our model, which disentangles the different sources of uncertainty.
Given the log pricing kernel, the continuously compounded risk-free rate can be easily calculated as
A higher conditional mean of the pricing kernel (due to ambiguity aversion) leads to lower interest rates. Intuitively, a pessimistic agent invests less in risky assets, which induces a lower equilibrium risk-free rate.
The conditional expected return on the dividend claim and its conditional variance are given by
The equity risk premium follows by subtracting the risk-free rate from the expected return on the dividend claim
An ambiguity averse investor is more conservative and demands additional compensation (ambiguity premium). This is reflected in the higher market prices of risk for expected consumption growth Λ x and volatility Λ σ . Thus, the pricing kernel is more volatile. Since consumption and dividends share the same variance process, this effect magnifies the negative correlation between the pricing kernel and returns.
Consequently, the equity premium increases. Note that the equity premium is timevarying. It rises in periods of high economic uncertainty (large σ 2 t ).
Quantitative results
We fix the model parameters at the same values as Bansal, Kiku, and Yaron (2011) and Beeler and Campbell (2011) . 16 The mean consumption growth rate is 1.8% per annum and the volatility of consumption growth is 2.5% per annum. Consumption and dividend shocks are positively correlated (ρ cd ≈ 0.4). The values for the meanreversion parameters imply half-lives of expected consumption growth and volatility shocks around 2.28 and 57.73 years, respectively. Concerning the preference parameters, we follow Bansal, Kiku, and Yaron (2011) and set the time-discount factor δ to − log(0.9989) and the IES to 1.5. We also consider an IES of 2.0, as e.g. used in Drechsler and Yaron (2011) . If the IES is greater than the inverse of the coefficient 16 The major differences between the parametrization in Bansal and Yaron (2004) and Bansal, Kiku, and Yaron (2011) are the greater persistence of volatility shocks and the positive correlation between dividend shocks and consumption innovations in the latter paper.
of relative risk aversion, the agent prefers early resolution of uncertainty. The model is calibrated on a monthly basis. All parameter values are summarized in Table 1 .
Basic asset pricing implications
In order to understand the basic mechanism of our decision model, we vary the ambiguity parameters γ 2 and γ 3 while holding all other parameters constant. The risk aversion coefficient is set to 5, the ambiguity parameters γ 2 and γ 3 range from 5 to 50, and the IES is fixed at 1.5. The differences between the γ's characterize ambiguity aversion. The main diagonal (γ 2 = γ 3 ) refers to the KMM model. Note that increasing γ 2 and γ 3 , while keeping γ 1 constant, does not only introduce ambiguity aversion, but also raises the overall level of aversion against uncertainty.
The coefficients of the wealth-consumption and price-dividend ratio are shown in Figure 1 . B x and B σ are the loadings of the wealth-consumption ratio for expected consumption growth and volatility, while A is the mean log wealth-consumption ratio. For higher levels of the ambiguity parameters, the investor is more pessimistic about future economic growth perspectives. Thus, she decreases her position in the risky asset and the wealth-consumption ratio decreases. Good news about future economic growth cause moderate price increases if the investor is pessimistic. Consequently, B x is decreasing in both ambiguity parameters. The effect is indirect via the linearization constant k 1 , which is smaller for high values of the ambiguity parameters. 17 As k 1 depends only on the mean log wealth-consumption ratio, a combined increase of γ 2 and γ 3 has the greatest effect. In the lower left part of Figure 1 we observe that in the special case of the KMM model the impact of news about future economic uncertainty remains almost unchanged if the agent is more 17 The linearization constants k 0 and k 1 depend on the average wealth-consumption ratio. We solve for the linearization constants by numerically iterating onz = A(z) until reaching a fixed point forz. The mean log wealth-consumption ratio decreases for higher ambiguity parameters, consequently k 0 increases and k 1 decreases in γ i , i = 1, 2, 3.
conservative. To change the sensitivity of the wealth-consumption ratio to volatility shocks, the investor needs to be non-neutral concerning third order ambiguity.
For the Bansal and Yaron (2004) endowment process, B σ is decreasing (in absolute terms) in the amount of third order ambiguity aversion, i.e. (γ 3 − γ 2 ). While the influence of γ 2 is direct, γ 3 does not appear in Equation (4). An increase in γ 3 decreases the mean wealth-consumption ratio and thus also decreases the linearization constant k 1 , which results in a lower magnitude of B σ . From Figure 1 it is obvious that B σ is largest in absolute terms if γ 2 is high and γ 3 is small, i.e. the investor is third order ambiguity loving. For the loadings of the price-dividend ratio we observe the same behavior as for the wealth-consumption ratio. Figure 2 shows the risk-free rate, the mean equity premium, and the mean and conditional variance of the return on the dividend claim. For higher values of the ambiguity parameters, holding claims on equity is less attractive, and the investor demands additional compensation. Thus, the risk-free rate in Equation (5) decreases and the return on the dividend claim in Equation (6) increases in the ambiguity parameters. As for the wealth-consumption ratio, the combined working of both ambiguity parameters is essential. The behavior of the conditional return variance in Equation (7) follows directly from the coefficient B σ . For high values of γ 2 and low values of γ 3 the loading B σ is largest in absolute terms, consequently the conditional return variance is substantial.
Similar to Ju and Miao (2011) and Collard, Mukerji, Sheppard, and Tallon (2011), we find that the equity premium is increasing in ambiguity aversion. In Figure   3 we decompose the conditional equity premium given in Equation (8). The upper left part of the figure shows the compensation for diffusive consumption risk, which is proportional to the risk aversion coefficient γ 1 . Due to the low value of γ 1 this part of the equity premium is negligible. The upper right corner displays the premium for second order ambiguity, i.e. uncertainty about the mean consumption growth rate. It is clearly driven by the ambiguity parameter for this type of uncertainty, while γ 3 has no significant impact. We label the first line of Equation (8) third order equity premium. It is the compensation for shocks in the state variable σ t+1 , which influence the log consumption growth rate ∆c t+1 directly and indirectly through the mean growth rate x t+1 . Consequently, both γ 2 and γ 3 are relevant for this part of the equity premium. According to Equation (8), the time-varying component of the equity premium results from adding up the first and the second order premia.
For the Bansal, Kiku, and Yaron (2011) parametrization, a large proportion of the equity premium is a compensation for uncertainty in the conditional volatility of consumption growth. In their LRR model it is not possible to change the proportions of the premia paid for different kinds of uncertainty. However, for a given level of the equity premium, increasing the time-varying part leads to a more pronounced countercyclical behavior of the equity premium, which is crucial to reconcile the predictability patterns in the data.
Unconditional asset pricing moments
We simulate the model 100,000 times at a monthly frequency with a sample size equivalent to the actual data (79 years) to construct finite-sample statistics. We start the simulation at the unconditional means of the state variables and discard the first 10 years of each simulated path (burn-in period). The data is aggregated to an annual frequency as in Beeler and Campbell (2011) . 18 For each variable (consumption growth, dividend growth, return on the dividend claim, risk free rate, and price-dividend ratio), we consider the mean, the standard deviation, and the first order autocorrelation. Tables 2 and 4 show median values and 95% confidence 18 Consumption and dividend growth rates are calculated by adding 12 monthly consumption and dividend levels and then taking the growth rate. For log market returns and risk-free rates we sum up the monthly values. The price-dividend ratio is the end-of-year price divided by the trailing sum of 12 month dividends.
intervals for two values of the IES, 1.5 and 2, respectively.
As benchmark, we use the LRR model with Epstein and Zin preferences. The coefficient of relative risk aversion is set to the same value as in Bansal and Yaron (2004) , i.e. for the benchmark we set γ 1 = γ 2 = γ 3 = 10. Solely increasing γ 2 and γ 3 while leaving γ 1 = 10 increases the overall level of uncertainty. To put the models on an equal footing we have to fix the overall uncertainty at about the same level.
Thus, when increasing γ 2 and γ 3 we decrease the risk aversion coefficient γ 1 . More specifically, we choose the γ's so that they sum up to the same value as in the benchmark model and consider 3 cases of our ambiguity model. In the following, we use γ 1 = 2, the same value considered in Ju and Miao (2011) . To compare our model with the standard smooth ambiguity model of KMM, we set 2 = γ 1 < γ 2 = γ 3 = 14
and denote this specification Case 1. Case 2 refers to γ 1 = 2, γ 2 = 10, γ 3 = 18, i.e. strictly ascending ambiguity parameters. The findings in Section 4.3.1 suggest to consider a third case with a relatively high value of γ 2 . For Case 3 we fix γ 1 and γ 3 at 2 and choose γ 2 = 26. Table 2 shows several unconditional asset pricing moments for an IES of 1.5.
The empirical values in the second column are taken from Beeler and Campbell (2011) and are based on annual data from 1930 to 2008. The third column shows the results for the benchmark LRR model. The other columns refer to the three cases explained above. We use the same seed value for all simulations and thus the differences between the models are solely due to the differences between the γ's.
The results in Table 2 show that the benchmark model already matches most asset pricing moments very well. A notable shortcoming of the LRR model is that it is not able to generate a high standard deviation of the price-dividend ratio. The results of Case 1 are very similar to those of the Epstein and Zin specification.
However, the unconditional moments are matched with a more moderate value for the relative risk aversion coefficient (γ 1 = 2). In Case 2, the investor puts more weight on volatility shocks, compared to innovations in x t . We clarified in Section 4.3.1 that, for the endowment process in Equation (2), this leads to a relatively low return on the dividend claim and a high risk-free rate. Furthermore, Case 2 cannot solve the problems regarding the unconditional moments of the price-dividend ratio.
In contrast, Case 3 fits the data much better, especially concerning the standard deviation and first order autocorrelation of the price-dividend ratio. For large values of γ 2 and low values of γ 3 the magnitude of the coefficient B d,σ outweighs the decrease in B d,x . Consequently, the standard deviation of the price-dividend ratio is much higher, and close to what we observe in the data. Table 4 shows unconditional moments for an IES of 2. For a larger value of the IES the investor is more willing to substitute consumption over time. This lowers her demand for precautionary savings and thus decreases the risk-free interest rate.
A higher IES also implies more time-variation in the price-dividend ratio and thus in the return on the dividend claim. The lower risk-free rate and the higher volatility of the price-consumption ratio are in line with the values found in the data. The unconditional moments of the price-dividend ratio fall within the 95% confidence intervals for Case 3. The empirically observed high standard deviation of the pricedividend ratio is difficult to match even for extended versions of the LRR model, e.g. Drechsler and Yaron (2011) .
Predictability
We also assess the predictability of excess stock returns, consumption growth, and dividend growth by the price-dividend ratio. To do so, we regress these variables, measured over horizons (h) of 1, 3, or 5 years, onto the log price-dividend ratio
where y denotes either log excess stock returns, log consumption growth, or log dividend growth. Tables 3 and 5 show the predictive R 2 's and the slope coefficients.
In the LRR model consumption growth is driven by a persistent long-run growth component. This factor is also apparent in the dynamics of valuation ratios.
Thus, price-dividend ratios contain information about future consumption and dividend growth. However, price-dividend ratios do not only fluctuate on news about future economic growth but also on news about future economic uncertainty. Price Excess returns are predictable due to the time-variation of risk premia. More specifically, it follows directly from Equation (8) that a persistent volatility process leads to predictable excess returns. If we increase the ambiguity parameter γ 2 , the time-varying parts of the equity premium are larger. In contrast, they are only indirectly influenced through the linearizing constants by γ 3 . For the log price-dividend ratio, an increase of γ 2 implies a slightly lower value of B d,x and a large increase (in absolute terms) in B d,σ . This adds to the negative correlation between excess returns and the price-dividend ratio. Due to the high persistence of the volatility process, the R 2 increases. Furthermore, low values of the ambiguity parameter γ 3 increase the predictive power of the price-dividend ratio as B d,σ is largest (in absolute terms)
for low values of γ 3 . Consequently, a combination of a high ambiguity parameter for uncertainty in the long-run growth factor and a low one for volatility gives the best match to the data. This explains the good results of Case 3 in Table 3 . Compared to these, for an IES of 2 Table 5 shows that the predictive power is magnified since the loadings of the price-dividend ratio are larger in absolute terms.
Summing up, if γ 2 is large while γ 3 is low the predictive power of the pricedividend ratio is much closer to the data compared with the standard LRR model.
The results for Case 3 do not only outperform the benchmark model, but also improve upon the long-horizon predictability results of Drechsler and Yaron (2011) .
Note that they use an extended version of the Bansal and Yaron (2004) model, with an additional long-run volatility factor and multiple jump components.
Conclusion
In Klibanoff, Marinacci, and Mukerji (2005, 2008 ) the resolution of uncertainty is described in two stages (first and second order acts). This implies that higher order acts have a uniform degree of ambiguity. We extend their model to higher orders and explicitly allow for different degrees of ambiguity. This generalization permits a separation of intertemporal substitution, risk aversion, and ambiguity aversion towards different sources of uncertainty.
We apply our preference specification to a consumption-based asset pricing model with persistent state variables. In our model the investor perceives and evaluates shocks in future economic growth in a different way compared to volatility shocks. We find that assigning different ambiguity parameters to these sources of uncertainty has important implications for asset prices. Our model generates unconditional asset pricing moments and predictability patterns in line with the data.
There is a wide array of possible applications for the proposed decision model.
It is especially suited for situations where subjects may treat several kinds of uncertainty in different manners, as it provides a device to model this behavior. It might be interesting to apply our decision model to other endowment processes or evaluate the implications for portfolio planning.
It is common to quantify the magnitude of ambiguity aversion using Ellsberg style experiments. While second order ambiguity aversion has been extensively tested and it is commonly accepted that individuals share this general pattern in decisionmaking, there is no experimental evidence for high order ambiguity aversion. An extended version of the experiments in Halevy (2007) might be necessary to establish a sound basis for our decision model.
A Pricing Kernel

A.1 The pricing kernel in terms of continuation values
According to Hansen, Heaton, Lee, and Roussanov (2007) we calculate the pricing kernel as the marginal rate of substitution, thus
where M C t denotes the time t marginal utility of consumption and M V t+1 the marginal utility of next periods continuation value. Due to the homogeneity of the value function V t , we can apply Euler's homogenous function theorem which yields
Comparing coefficients with V
Substituting this into Equation (9) yields the proposed pricing kernel.
A.2 The pricing kernel in terms of the market return
Following Epstein and Zin (1989) we express the pricing kernel in terms of the market return. We assume that there are I assets with returns R i,t+1 and weights π i,t for i ∈ {1, . . . , I}. Let J t denote the maximum value of the DM's value function V t and a := 1 − e −δ . The maximization problem is
We substitute the budget constraint W t+1 = (W t − C t ) R t+1 and conjecture J t = h t W t , which yields
The first order condition with respect to C t is 0 = (1 − ρ) aC
Substituting this gives
We substitute this expression for h t and the budget constraint into the first order condition
The return on the portfolio π t = (π 1,t , . . . , π I,t ) yields a return of
). Substituting this into Equation (10) gives
The first order condition with respect to π i,t is
Multiplication with π i,t and summing up yields
Substituting h t and the budget constraint gives
Multiplication with the time t-measurable constant
Since R 1,t+1 denotes the return on an arbitrary financial claim, the pricing kernel has the proposed form.
B Price-Dividend Ratio
We rely on the log-linear approximation for the log return on the dividend claim
and k 0,d = log(1 + ez d ) − k 1,dzd , withz d denoting the long-run mean of the log price-dividend ratio. We conjecture that the log price-dividend ratio z d is affine in the state variables
The coefficients of the log price-dividend ratio follow by applying the Euler equation to the log return on the dividend claim
C Bansal and Yaron (2004) Endowment Process
In Bansal and Yaron (2004) and Bansal, Kiku, and Yaron (2011) the dynamics of log consumption growth ∆c t+1 = log C t+1 − log C t , log dividend growth ∆d t+1 = log D t+1 − log D t , and of the state variables are given by
,
. Different from Equations (2), the distributions of time (t + 1)-measurable random variables in this model depend on time t-realizations of the state variables and are therefore unambiguous at time t. Nevertheless, it is interesting to compare the following formulas with the results in Bansal and Yaron (2004) , since it can be inferred how the ambiguity parameters γ 2 and γ 3 influence asset prices. It is important to keep in mind that the formulas derived in this section differ from those in Section 4.2.
We solve the model in the same manner as Bansal and Yaron (2004) , Bansal, Kiku, and Yaron (2011), and Beeler and Campbell (2011) using analytical approximations. Assume that the log wealth-consumption ratio z is affine in the state variables
where k 0 and k 1 are linearizing constants. It holds that k 1 = ez 1+ez and k 0 = log(1 + ez) − k 1z , wherez is the long-run mean of the log wealth-consumption ratio. Using the Euler equation E t [e mt,t+1+rc,t+1 ] = 1 yields the following coefficients for the wealth-consumption ratio
, with the drift characterized by the coefficients
The coefficients Λ c , Λ x , and Λ σ are the market prices of risk
denoting the long-run mean of the log price-dividend ratio. We conjecture that the log price-dividend ratio z d is affine in the state variables
Given the log pricing kernel the continuously compounded risk-free rate can be easily calculated as r f,t = r f,0 + r f,x x t + r f,σ (σ 2 t − σ 2 ), with
The equity risk premium is equal to the covariance of the pricing kernel with the return on the dividend claim
Preferences γ 1 γ 2 γ 3 ρ δ 2 − 10 2 − 50 2 − 50 0.5 − 2/3 − log(0.9989) Table 2 : Consumption, Dividend, and Asset Pricing Moments (IES = 1.5)
Consumption and Dividends
The table gives consumption, dividend, and asset pricing moments from the data and the models. ∆c denotes the consumption growth rate, ∆d the dividend growth rate, r d the return on equity, and r f the risk free rate. All returns and growth rates are in logs. z d is the log price-dividend ratio. The results in the second column are from Beeler and Campbell (2011) and are based on annual data from 1930 to 2008. The median values and the 95% confidence intervals (in brackets) implied by the models are from 100,000 simulation runs of equivalent length to the data. The table gives R 2 's and slope coefficients from the predictive regressions of excess returns, consumption growth, and dividend growth, measured over horizons of 1, 3, or 5 years, onto the log price-dividend ratio. The data values in the second column are taken from Beeler and Campbell (2011) and are based on annual data from 1930 to 2008. The median values and the 95% confidence intervals (in brackets) implied by the models are from 100,000 simulation runs of equivalent length to the data. The table gives R 2 's and slope coefficients from the predictive regressions of excess returns, consumption growth, and dividend growth, measured over horizons of 1, 3, or 5 years, onto the log price-dividend ratio. The data values in the second column are taken from Beeler and Campbell (2011) and are based on annual data from 1930 to 2008. The median values and the 95% confidence intervals (in brackets) implied by the models are from 100,000 simulation runs of equivalent length to the data. The figure shows the coefficients of the log wealth-consumption ratio and the log price-dividend ratio. A and A d are the average of the log wealth-consumption and log price-dividend ratio, respectively. State variables are fixed at their unconditional means. The figure shows the mean risk-free rate, the equity premium, and the return on the dividend claim. The lower right corner of the figure displays the conditional return variance. State variables are fixed at their unconditional means. The figure decomposes the equity premium in Equation (8) into its components.
Data Models
